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. Injective envelopes were fiir·S't ·· int·roquce·d [ 1, 6] I · 
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·R. Baer discove~ed and proved the ·existe~ce of· ertough 
·injeq.tive modules using the theor.em: · Le:t R be a ring. '•. .·• : . ,; ' ,._ 
' . • y ., -, 
._ •• ,,... ...... #, 
'· If a left R-module. ·A has the property that for every 
. l~ft ideal ICR, it is the case that (R,A) ~ (I,A) . ' . 1-S 
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epimorphic, then_ A is injective in the category of 
.left R-modules. -this theorem is known as Theorem 6. 14 
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" I in [7], pp. 125-126. Inj~ctive· envelo~es wer~ also dis-
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In 195.7 G.:r:~thendieck showed that an abelian category 
with·a generator and with the property that for each sub-
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object B £ A ·and each chain of subobjects A: 
1. . 
= U (A. nB) 
: "'i holcls, has en·ough injectives. 
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Th·is 
condition ·is cqlled _the. Grotll.endieck condition or it is 
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s6metimes r~ferrea· to as property AB-5 . . . Thus it was 
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actuallly Grothendieck who showed that the Baer construe-(· 
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However, . \ it was B. Mitchell [9] under 
the/hypo~hesis of Grothendieck who was the first to 
i 
I 
conf truct the Eckmann-Schopf i,:t:1jective envelopes as \ 
i . 
I , 
" max.lmal essential extensions-·. 
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; . In 196 7, A .. D:aig:n~ault [3] g~ve· .c-ortdi.tions which are 
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sufficient to ensure the existence of injective. envelopes l '. 
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I • - •" 
in t non-Grothendieck category, ·· Thfs result applies to 
·, . \ . 
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Grothendie.ck cat~go~i:es with -a generator as well as to some 
# 
. non~belian categories ~ne of which we are going to look 
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at dfter developing the main theorem. 
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ABSTRACT 
Injective envelopes were first introduced (1,6] in 
connection with the category AB of abelian groups. '· 
R. Baer~ discovered and proved the existence of enough 
! . injecti~e modules using the theorem: Let R be a ring. 
:.-,.· . , -' 
, ... 
If a left R-module A has the property that for every 
left ideal ICR, it is the case that (R,A) .. ~ (I,A) • lS 
. epimorphic, then A is- injective in the· category of 
. left R-modules. This theorem is ·known as Theorem 6.14 
. . in [7], ·pp. 125-126. Injective envelopes were also dis-
covered by Eckmann and Schop£ (6]. They constructed the 
injective envelopes by first taking any injective extension 
of an object and then mi.nimizing it. 
· In 1957 Grothendieck showed that an-abelian category 
with a g_e.nerator anp with the property that for each sub-
• 
object B CA 
-
and each chain of subobjects 
• 't 
A. 
1 (UA.)nB =·U(A.nB) 
·· 1 
· 1 holds, has enough injectives. 
..___,~ 
.. 
. 
p 
of 
This 
A, 
condition.i& called the Grothendieck condition or it is -' .,. . . r ... 
.. 
.·. 
~ . 
sometimes referred to as property AB-5. Thus it was 
~ 
actually Grothendieck who showed that the Baer construc-
tion of injectives was va.lid in Grothendieck categories 
with generators .. However, it was B. Mitchell [9] under 
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, · the hypothesis of Groth~ndieck who was ·the first to 
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construct the Eckmann-Schop£ injective envelopes as 
maximal essential extensions~ 
In 1967, A. Daigneault [3] gave conditions which are 
sufficient to ensure the existence of injective envelopes 
in a non-Grothendieck category. This result appl·ies to 
-~. 
Grothendieck cat·eg·ories with a generator as well as to some 
. ' 
nonabelian categories one of which we are going to look 
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at. after developing the main theoremo 
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INTRODUCTION 
The purpose of this paper is to give an exposition 
of-conditions for the existence of injective envelopes 
in a category that is not a Grothendieck category, as 
presen'ted by A .. Daigneault in his paper [5], pp. 766-773. 
In this paper, the reader is assumed to know the 
elementary theory of categories. However, in Section I, 
' we are going to recall elementary basic definitions of, 
category theory ·on which our work depends. Each section 
is given an introduction which gives a summary of the 
material to follow. 
., 
_·With basic definitions on hand from Section I, 
Section II will ·show the existence of ·injective envelopes 
in R-modules as maximal essential extensions. 
.. 
Section III gives the main result of this paper, 
wherein we present some conditions which are sufficient 
to ensu~e the existence of" injective envelopes in a 
categoryo We are also going to mention some categories 
where injective envelopes are known to exist and where 
these ·conditions are satisfied. =:.-~ 
In particular, we are going to apply the main 
re·sult to the nonabe!ian category E;s, the category 
of sets acted.on.by a fixed semigroup S . 
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I 
I. PRELIMINARIES 
.In ·this se~tion, the basic notions and propositions 
involving extensions are giveno. Also the notions of sub-I 
o~jects, ~uoteint objects and are introduced . 
• 
For: this section, we are considering a category ~ 
with objects A,B,.~. and morphisms £,g, ... 
• In 
particular, the following notation will be used: 
Sets: category of sets 
. \ 
Grp : category of groups 
ModR: category of R-modules 
. Sets*: category.of sets with a fixed base point 
. 
~ 1. ·1.- Subobjects- and Quotient Objects 
• 
1.10 Definition: A subobject of obj ec·t B • an l.S a 
• A -.i,. B. mon1c 
.. 
' 
1.11 D.efinition: If Al tB and Az ~B are subobjects 
· of B, then f • equivalent to denoted by f if 1S g t'\, g' 
Al a and ,,A2 ~Al such that ~-A2 
. 
-there exist morphisms 
the following diagrams commute: 
>· 
\ 
Az f3 l Al 
a 
f g f 
.,.. 
B B 
" . 
.I 
• 
• 
' 
., 
.. 
..;: 
•. 
• 
. / 
/ 
• 
.· 
- ' 
... 
/" 
., 
., ff> 
, .. 
:": 
· .. :· 
:•___:._ 
) 
' I 
l 
5. I ·-, . 
I 
''~'' is an equivalence relation on the class of all sub-
·obj ects of an object B. One can show that the subobjects 
in Sets, Grp, ModR, Sets* are the subsets, subgroups, 
submodules or subsets with a fixed base point together 
wi_th the i:nclusion maps. 
The following will show that in Grp and Sets*, 
a subgroup and a subset. characterize a subobj ect up to 
.equivalence. 
1. Let H be a subgroup of a group G, then there exists 
a subobject H tG where f • the inclusion homomorphism. 1.S 
... 
Suppose H t_ G • subobject of G, then is a a group 
• 
to show that there exists a subgroup H' of 
• we are going 
• • G . h H' ~ G ·· wit . --,- f H ~ G, then 
t 
such that f ~ i. Let 
·f(H) ( f(H) H' 
• subgroup of G. Let and let l.S a --
• 
H 1 · ~ G be defined by i(h I) = h' for every h' E HI •. 
• 
"· 
.• ...__ Define • of H ~ H' by a(h) f(h), h H. a mapping a - e: -
·· a is a function and is a group homomorphism for let 
' 
.• 
,· 
. 
. h 1 ,h2 e H, then a(h1h 2) = f(h1h 2). But f • is a group 
homomorphism, so f(h1h2) = f{h1)f(h2), tpus 
Let h' e imf = H', then since f • is a 
monomorphism there exists a unique· h ~ H such that 
f(h) = h 1 o Define a mapping f3: H' -PH . \. by f3 (h I) = 
f-l(h'). t3 · is a group homomorphism. Now, (ioa)(h) = 
i(a(h)) = a(h) = f(h). Thus 
4 
= f(t3(h')) = f(f-1 (h')) = (f 
fof3 • = 1 
... 
(i o a) = f. Also (f o f3)(h') 
f-1)(h') = h' = i(h'), hence 
• 
-
,. 
•· 
., 
~ •• •. 
·. 
...... ·.; . 
. : r. 
... ~: 
. ;·. 
- . 
:, 
I . 
; 
i 
: i 
i I 
-
' ' • 
~ . 
J • 
' 6 . 
• 
Let (X,x) ~ Sets* and let 0 (K,x) be a subset of 
·O 
\~· (X,x0 ), KC X, then there exists a subobject (K,x )~X,x) 
0 0 
such that g is a function from a subset K to the set 
' 
and 
Let 
:then there exists a subset 
• 
be a subobject of (X,x
0
}, 
(K,y0 } and (X,x0 ) and a 
monic (K, x ) ~ (X, x ) 
· · 0 0 
f. 'f (Y,y0 ) - (X,x0 ), Y -x 
j 
a ·sutiset of XO Let 
such that f ~ i. 
and f (y 0) = x 0 , 
f (Y) == K and let 
by i(x) = x for every x Ek . 
Let 
then 
• 
K ~X 
f(Y) • 1S 
be defined 
.. Define the mapping (Y,y0 ) ~ (K,x0 ) by a(y) ::,; f(y), 
y E Y. Clearly, this is a well-defined function. Further.-
:, more, 'a(y ) 
·:· ' 0 = f(y) and 0 • since 
.... ~ 
a.(y()) = XO. Now let x EK== imf, then there exists 
·i 
y E Y such that 
, ·b_y · t3 (x) == f-l (x) . 
f(y) = x. Define a mapping (K,x) t?,. (Y,y) 
0 0 
This is a function and ~(x) = f- 1 (x) = 
0 0 
y . That f o f3 = i and i o a = f is easily checked. 0 
Thus 
In notation, we will sometimes denote a subobject by 
.. 
its domain. Thus we can interpret a subobject as an 
object in the category ass~ing that the corresponding 
,, monic is knowno 
~-
•• J'' 
.... 
• 
_______ ,---..:.._ ___________ -
... 
• . r 
. I . 
. 1: 
:, 
-"·"":'-C.C,O. 
.. -~·. 
---
.. :~ ~: 
• 
·i 
\ ·. 
\" 
. '. 
q 
... 
.. 
;,: 
:-..,. 
.. 
,, 
... 
:, 
7. 
· We also observe that in Sets, Grp, ModR, and Sets* 
monies and epics are respectively the one-one into maps 
• (injections) and onto maps (surjections) . 
lB tB ' ----lo12 Definition: Let Al and Az be two sub-
;,_ B .objects of B, then Al • said to be contained • 1S in ' 
. ' g t B) . ~ B)' (Al (Az A2 -.i;. B, ~ if there exists a morphism 
Al h such that Al tB Al h,.A2 S,. B. ~A - • -2 
lo13 Proposition: If 
objects of B, then the morphism 
~ (A2 &.B), f,g are sub-
A1 h,. A2 is unique 
having the commutative property and is manic. 
Proof: Let be two morphisms from • 1.nto A r 
such that 
£ g 
B 
.• -
. 
To show g 1 = g 2 , it is sufficient to show fog1 = f.g2 . 
,Now, hog1 ~ hog2 and_ composing it with g on the left, 
we:get go(hog;= go(hog2). Hence (goh)ogl = (goh)og2 
Since f .. . 1.s monic we get g 1 = g 2 • , • 
• 
a. .. 
) 
' I 
,. 
• 
I 
=·,·---~-ff -~p--...... -,v, ..... --z. _.. ...;2'111 I-----~;--,;-_, __ -·--_._ • ...__,.,,...,..~--... ......_.~·'"'"'-•..-...·--,~--~-----·· - . 
.;. 
~ 
'\ 
• 
- -
,· 
, ... 
< 
\. 
' . 
' 
."'/ 
,. 
' ,,.,, 
\ .. 
' 
' 
., 
. t 
: . -~.; 
; 
,: 
. 
. J: . . . ~ 
:~. ' ',, 
' 
.. 
- . 
} 
. f. -
,. 
• 
• 
8. 
h' 
. Suppose there exists Al Az with goh 1 f . ' Then -p -
goh 1 - f - g-h and • • • h' = h. This - - since g 1.S mon1.c, 
~ 
the • of ho • proves uniqueness 
Remark: In the category of groups, if Al lB and 
A2 ~ B. . are two subobjects of a group B, then imf C im g 
iff there exists unique. monomorphism Al h such that a _.,. Az 
f 
=A h ~B • Al f ~ B. A-~B ~Az 1.e o _.,. B ~ Az 1 1 • 
Proof: Let a E A1 , then f(a) EB.~ Since imf C im g, 
we have f(a) E im g. g is a monomorphism so there 
exists-a unique such that g(b) = f(a). Define 
a mapping h of A1 -A2 by h(a) = g-1 (£(a)), a E A1 
h is well-defined and a group homomorphism. 
Let , (.. Al such that h(a1) - h(az). Then al, a 2 E -
= g-l(f(az)) bl -1 = b and g(bl) f(a1) 
- g (f(a1)) -- -2 
_= .f(az) g (h2) 0 f • monomorphism This - l.S a so al - a2. - -
proves h is a monomorphism. 
It is seen at once that h is unique because of 
-the commutative property of h. 
.Conversely, there • • Al h.. Az sup.pose exists a unique 
such that goh - fe Let f(a) E imf, then by goh - f, -
we get g(h(a)) = f(a), hence f(a) E im g. 
If -W denotes the collection of all equivalence 
[ classes of subobjects of an object G, then define 
-· -
-~ ~ f ~ g iff f ~ go 
• 
·• 
• 
. ..
• 
" 
• 
• 
t I . I . 
J 
i 
i 
! 
. 
; ·. 
. ' 
" 
~-
' .. 
/ 
.. 
'\ 
I-' 
:JF• 
-.. 
. ,. 
. ' 
9. 
The verification of the next proposition is straight-
forward and hence left to the reader, 
1.14 Proposition: If I= I• and i = i', then f ~ g 
iff f I ~ g Io • 
lol5 Proposition: 
ordering on W. 
The relation"~" induces a partial 
' 
• 
: 
Proof: Let ,. f·~ g· and g ~ h be subobjects of B, 
then f and -
-
-
== gaa g hof3' hence f ho f3o a, that is -
I 
f ~ hg Furthermore, .we get f ~ f by f = fol if A A • • the domain of fo Finally if f ~ g and g ~ f, then 
.. 1..s 
f and g are equivalent, so f = g. 
By dualizing the notion of subobjects, we obtain ~ 
. 
the notion of quotient objects. 
0 
1.16 Definition: A quotient object of an object B is 
• an epic 7f B -.i,. C . 
Remark: In the category of groups, a quotient group 
characterizes a quotient object up to equivalence. This 
can clearly be seen since given a quotient group GIH 
where H is a normal subgroup of a group G, then there 
·. always exists an epimorphism G 14. G IH defined by 
w(x) = xH; x e G. Conversely, let G ~G' be a quotient 
-
·r 
• 
... 
•• 
... 
. 
' 
.tj 
·a. .. 
·. 
\ 
• 
A.. \~. ' & 
", 
) 
. \_ 
·---1i··.· .. 
;,. : 
\ 
' .. 
•, 
• ... -. 
,~ .. 
.. 
a: 
!, ' 
~· 
10 . 
• 
object of a group G. Then by the fundamental isomorphism 
theorem GjKer rr ~ G' and Ker rr = H is a normal subgroup 
Similarly in Sets* we have the following: Let 
(X,x) ~ Sets*, then if X' C X and x € X', define an 0 0 
equivalence relation 
or x 1 , x E X 1 2 . 
Remark: 
~--~-
I..,et 
and 
on X' by x 1 "'x2 <=> x 1 = x2 
(X, X ) / (X I ' X ) = (X I "-, [ X ] ) • 
0 0 0 
, 
be an epimorphism • 1n Sets* 
X,Y are sets, rr(x 0 ) = y0 and X E..y is surjective, then 
R · on X defined · ~here exists an equi~alence relation 
by x 1 "'x2 <=> rr(x1 ) = rr(x2 ) 
(X, XO) ! (X I R, [XO ] ) 
and a surjective map 
there exist functions 
such that 
defined by f(x) = [x]. 
(Y' y ) t (X I R, [ X ] ) 
0 0 
Furthermore, 
and (XIR, [x ]) 
0 
cpot = l(Y,y) 
--- 0 and to~= l(XJR, [x ]). 0 
In other words '(X,x0 ) 74.. (Y,y0 ) is equivalent to 
(X,x ) ! (XIR, [x ]). 0 0 
Proof: 
•. 
•' 
·1> 
-
i 
: 
., 
.".:'· 
l 
.. 
• 
.. 
\ 
1 
I 
I 
------, 
... 
;-,: 
~ 
-
.. 
.. 
. ;. ~· 
•· 
·.' 
•• •,<!'; 
. 
J 
Let t: ·(Y,y0 ) ~ (XIR, [x 0 ]) be defined by t(y) 
= f(x) where ,r(x) = y, then 1/t is well-defined since 
let y, y' e: y such that y = y I• ,Jt(y) = f(x) - [x] -
,, 
where ,r(x) = y q.nd i/l(y') = f(x') - [XI ] where -
'JT(X I) = y I' [x] [XI ] thus 1/t(y) = ,jt(y')o - Also, -
1/t (y 0) = f (x0 ) - [xo] where 1r(xo) = y . - 0 
Now, let 
:= 1r(x) for 
[xl]. = [xz]. 
~ 
!i 
cp : (XIR, [x }) ~ be defined by cp([x]) 0 
x ~ X. Let [x1 ], ·[x,2 ] E XlR such that 
Then 
• 
11. 
and 
This shows cp l.S a 
function. ..... 
We need only to show 
l(XIR, [x ]). Let--· y ~ .Y 
. 0 
~ot = l(Y,y) and V•~ = 
. 0 
•' then (~ot)(y) = ~(f(x)) 
= (~of)(x) = ,r(x) = y. Let [x1 ] E XlR, then 
... (1/tocp)((x1 ]) = 1/t(cp([x1 ]) = 1/t(1r(x1 )) = (1/t 0 1r)(x1 ) = f'(Xi_)' = [x1 ]. \ 
Definition: f g Let B -.i,. C, and ~ -.i,.. c2 be two quotient 
objects of an object B. Then B !...c1 is said to be 
(B !,.. c1 ) ~ (B ~ c2 ) if there exi,sts 
- g contained in B ~ c2 , 
.. 
h a morphism c2 ~ cl f > g h such that B ~ c1 = B ~ c2 -.i,.. c1 . 
1.18 Proposition: If 
quotient objects of an object B, then the morphism h • 1S 
an epic and it ,is unique having the comm~tative property • 
... 
' 
• 
,. 
\ 
• 
• 
~ 
.. -
.' 
" \ 
. 
! .. • 
•·. 
• ,:l • ~. 
... 
,. 
,· 
,;j. 
.• ,; 
I 
. • I 
. .. ~· 
e ·-'.'j 
·1· 
' ~,::. 
' .. ,::.: .~ 
•• J. ___ 
.. . r 
..... . 
.:_., o'.'-.i·--. 
..... 
.~. ' .. 
"· 
~ .. ,· 
' ;,. 
.>'. 
I • 
I 
'.I 
,· 
i . 
·..:.. 
,This is the dual proposition of Proposition 1.13, 
hence the proof is left to the reader . 
12. -
. In Grp, the concept of a quotient object being con-
tained in another quotient object is expressed in the 
following: 
Remark: :t G' • and G g - be objects Let G -+G two quotient 
' 
of a group G. Then ker f C ker g iff there exists a 
homomorphism G' h- Ruch that h 0 f and that h • -+G - g 16 -
unique and an epimorphismo 
Proof: f is an epimorphism hence f(G) = er. Define a 
• 
map h from f ( G) --- .. to G by - h(f(x)) = g(x) for every 
x ~ G. Clearly h is a function for let x, y € G, 
'f(x), f(y) ~ f(G) such that f(x) = f(y). Then 
-1 ~1 f(x)f(y >~~ e' = f(xy ) 
,· .,. But and so xy-l ~ ker f. 
: cal 
g (xy-1) -ker f C ker g hence X y ~ ker g and = e 
• 
- - , -1 
-
· where e· ~ G. Thus g(x)g(y ) = e and g(x) - g (y). -
Let f(x), f(y) f(G), then h[f(x)f(y)] h[f(xy)] ~ -• 
- = (h 0 f)(xy) = g(xy) = g(x)g(y) = h(f(x))h(f(y)). This 
i 
proves that h is a group homomorphism. 
That h is an epimorphism follows from the fact 
that g hof = g and is an epimorphism. Uniqueness of 
, h follows from the right cancellability of f . 
• 
.. 
. .. 
.. 
• 
;, . 
' -
·, 
' . 
,·. 
,. 
.. -
. ' .. _ :.-~ ;-,. 
'· . 
.: 
-
·1 
~~••" r:.• 
·,:. 
·., 
.;} 
·."-
,, 
L 
. .... :)· ! 
" j . 
,.: 
.. 
-· 
·"' 
. 
.. 
r 
13. 
• 
Conversely, suppose there exists f{G) hIT such that 
'hof = g. Let x E ker f, then g(x) = (h 0 f)(x) = h(f(x)) 
-= h(e') = e. Thus X ~ ker go 
1. 19 ~ Proposition: The relation ''~" induces a partial 
ordering relation on the class o~ equivalence classes of 
quotient objects of an object B. 
The proof 'is similar to Proposition 1.15. 
1.20 Injective Objects 
·. 
lo20 Definition: An object B is called an injective 
·· object if fo'r any morphism A t B and any manic A ~ C 
. there exists a. morphism C bi.. B making the diagram commuta-
• 
• A ---=g __ __.) C 
/ • 
:r f 
lg 21 Definition:· A category te, is said to have enough 
injectives if for each object A in ~ there exists an 
injective object B ~ ~ and a manic A !,. B. 
The categories ModR, Grp, and Sets* are some 
examples of categories with ·enough injective objects. 
The injective objects of ModR are the injective modules, 
;·_ 
""" 
• 
---------------~. 
.•·. 
' ' . 
f 
. ·, 
., 
.. 
.. ·· ...... 
.... 
'"f . 
. . -
..• Ii 
.,. 
... 
~ ,.. . . 
:..: .... 
-~ 
\· .. ·. . 
!_'; 
.,-~ 
' . 
'· . 
., 
.· 
~·:'" 
•. ~ ,,t. 
. > 
- . 
·' 
"·' 
--···· ----· .... ·-·~----~ .. _,_,,_ __ --- --
~hereas any object in Sets* . ,, is an injective object. 
.. 
Grp the injective objects are precisely the divisible 
groups o 
14. 
In 
·/ 
r 'l, .. .3:o Ex tens ions 
-. 
lo30 Definition: An extension of an object A is a 
At times ~e may speak of the object B as an 
e-xtens ion of A understanding the monomorphism. 
lo31 Definition: An extension A l.B is called injective 
if B .is an injective object . 
• The concept of essential extension is meaningful in 
any category and we are going to define it in the following 
way.: 
1.32 Definition: An extension A l.B is essential if 
fOr any morphism B ~ C, if A l. B ~ C is monic, then 
. g· 
B ~ C is manic. 
t 
The next proposition is an immediate consequence of 
Definition 1:32, hertce the proof has been omitted. 
1.33 Proposition: Let A l-B, B ~ C be two extensions. 
Then the extension A l-B ~ C is essential if both f 
ana g are essential and if gof is essential, then so 
• is 
·, -
,i 
I 
i 
. .• 
,f: 
. y 
; 
!.-
\ 
. •. 
··' 
' . 
., 
•.lit° 
... 
.. 
J" 
1'." 
... _ 
' ... 
.. -., 
,-·· 
·f 
., 
·I. 
' 15. ; 
1.34 Definition: An extension A tB1 is said to be g e~bedded in an extension A ~B2 if there exists a monic 
Bl ~ Bz such that _ A ~ Bz = A t B1 ~ B2 • 
1.35 ProEosition: Let A ~B be an essential extension ; 
of A and let A ~B' be an injective extension of A, 
then there exists a monic B tB 1 such that A ~B' 
Proof: B' is injective hence there exists a morphism 
Ba B' 
/ 
such that g = h 0 fo Thus we only need to show 
is an extension, and 
that h Now g • • 1s mon1c. 
g = h 0 f hence h 0 f is manic. But f is an essential \ ' 
extension, hence h • • 1S ffiOill.Co 
• 
lv36 Defi~ition: Let A tB be an extension. Then f 
• said to be extension if f • not • l.S a proper 1..S an 1.so-
morphism, • there does not exist B tA such that 1.eQ 
J f g 
~A tB A ~B ~A = 1 and B - lB. -A 
1.37 Proposition: If B is injective, then B has no 
-proper essential extension . 
Proof: Suppose B tc is an essential extension of B. 
· Then by Proposition 1.35, f can be embedded in any 
tive extension of B, that is, there exists a manic 
• • 1..nJ ec-
C t B 
such that B fC,gB-1 
-P 
-P 
- B. Ftom this, we get by right 
,.· 
.. 
• 
. ., 
r-
··:· 
., 
... ~-\~·· .-:. 
J 
., 
I . 
I 
i 
J, 
£ 
( 
. . -~ 
:tr 
._ 
i 
. 
I 
I 
• 
-compos~tion by g., (go f) g = lB• go Thus 
and g is moni·c so f O g = le. Thus B 
16. 
g o(fo g) = g· lc 
• 
is isomorphic 
I 
to C and B has no proper essential extension. 
1Q38 · Definition: . Let A tB be an essential extension 
.• 
of A, then f is said to be a maximal essential extension 
if for any essential extension A ~B' of 
a manic B ' ~ B such that A t B = A ~ B ' 
A, there 
h 
_,_ B. 
exists 
1. 39 Definition: Let A t B be an injective extension 
then f is called an injective envelope of A is for 
any injective extension A ~B' of A, there exists a 
. h g f h mon1.c B _,.B I such that A -,. B 1 = A -.i,. B -7" B 1 • 
1.391 Proposition: Let A tB be an essential and an 
injective extension of A, then we have the following 
statements: 
(i) f • injective envelope of A . 1.s an 
(ii) f • maximal essential extension of A. 1S a 
(iii) If A:~ BI • • • • envelope of A, 1S any 1nJect1ve 
<. then A.f • 18 equivalent to g. 
(iv) If A ~·B' • maximal essential extension l.S any 
of A, then f • equivalent to l.S g. 
Proof: 
(i) Let A ~ B' be any injective extension of A. 
Then by Proposition 1.35, since A tB • l.S an 
\. 
•. 
.. 
-~----------~--
. ) . 
, 
,', (ii) , 
(i'ii) 
" 
~ 
it 
:::.·. 
(iv) 
0, 
,. 
17. 
essential extension of A, there exists a monie 
l, g f h B :,+ B' such that A_,.. B' =A_.,. B -1" B'. But 
this is precisely the definition of an injective 
envelope, hence f is an injective envelope 
of A. 
~ B' ' Let A be an essential extension of A. 
Then. ' . B • injective, there exists B' !}.. B since 1.S 
- t_ B g bi,_ B. such that A =A..:.+ R' Since f • 1S 
-
,-• and f = hog, then hog • • and mon1.c l.S manic 
• • 
·essential extension, h • • since g 1S an 1.S mon1.c. 
Let A s,. BI be any injective envelope of A. 
Then by 1.39, there exists .. B' ~B such a mon1.c 
f ·1 
A~ B' h,. B where f is • • that A _,. .B - an 1.nJec--
tive extension of A. Now, f is an essential 
extension by assumption and f = hog so hog~ 
is an essential extension of A. Hence by 1.33, 
h is an essential extension of B'. But B' 
~s injective, so by 1.37 B' has no proper 
. .essential extension, thus h must be an 
isomorphismc. 
Let A ~ B' be any maximal essential extension 
" 
of Then, for the essential extension A l_ B 
of A, there exists a monic B h-B 1 such that 
\ 
... 
, 
' .,. 
'· 
'j 
:-: 
• 
< 
' .. • 
.. 
..... 
,, 
.... 
.. 
.. 
.,' 
18. 
Now, g is essential, 
hence ·h•f is essential and by 1.33 h • 1.s an 
essential exten~ion of B. But B • • • • is 1.nJect1.ve, 
B has no proper essential extension, hence h 
is an isomorphismg 
' 
\ 
• 
, 
\: 
\ 
• 
l 
. "" 
. ,_ 
~.-
' 
•• 
,; 
: .... 
-----... ~ .. ~ ---- ., --· . 
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II. INJECTIVE.ENVELOPES IN ModR 
In this section, it will be shown that any module has 
• J a minimal injective extension and any two such are equiva-i 
,;..,.·. · .. \ 
. 1. 
.,.. 
lent. Before proving the existence of an injective envelope 
we first note several relevant definitions and propositions. 
Also, throughout this section, we will always assume unless 
explicitly stated otherwise that every ring R is commuta-
tive and has ,3.n identity ~elerr:ent l. 
We recall that a module B is an extension of a 
ffiodule A if there exists a monomorphism A tB. 
2.1 Definition: An essential extension of a module A 
r is a module B such that: 
(i) B is an extension of A 
..- (ii) and if B' :is a submodule of B with B' n imf = O 
then B' = O. 
2 41 2 ·Proposition: Let A, B be R-modules. Then B is 
an essential extension of A iff to each b E B, b I o, 
there exists an r c R with rb I 0 and rb ~ A' where • 
-i?-"" 
A' denotes the • of the extension image • 
Proof: Suppose B is an essential extension of A. Let 
b ~ B, b IO and construct a submodule B' of B. Con-
sider B' = rb Ire R 
• Clearly B' is a submodule of 
I 
-
• 
• 
\ 
t 
' 
,, 
'*· 
·-
.. 
·.~ 
1 
) 
20. 
B for let rb r 'b ~ B' then rb + r'b = (r+r')b EB'. ' , 
, 
Also for every r' e R I and for every b B
'' 
r ·E then 
~, r 1 ( rb) = (r 'r) b ~ B ' 9 
L 
-~ 
i 
.. 
We also observe that B' f O for if otherwise, 
i.e. suppose B' = O, then rb = 0 for every r'~ R and 
• particular letting r - 1, we have rb = 0 which is a 
in 
contradiction. Thus B' I o, hence B'nA' Io and so 
) 
with r b I= o, r b B' and there ·exists ro ~ R ~ 0 0 
r b 
0 
e A I~ 
Conversely, let B' be any submodule of B with 
B'nA' = O. We are going to show that B' must be 
; identically equal to O. Suppose not, then let b t B' 
b f 00 Since B' • submodule of B, then b B, l.S a E 
hence there exists an r ~ R with rb f 0 and rb @: A I. 
This 
~-
implies then that B'nA' I= o, contradicting the 
assumptiono Thus B' - o. 
2.3 Proposition. The following statements are equivalent 
in ModRO 
./::-:-
~-' 
(i) An extension A tB is essential if for any 
morphism B ~ C, if A t B S.. C 
B ~ C is monic. 
is monic, then 
(ii) An extension A _tB is essential if for any 
submodule S of B, if Sf1A' = O, then S = O, 
A 1 = im f. 
• 
l 
jf 
. , 
"\( 
.r 
f 
. , 
.~ ·. 
"· 
..... 
C 
· ... 
~. 
,, 
·---.. 
• 
,. 21. 
• 
Proof: (i) =) (ii). Let· A £.B be a monomorphism and 
let S be a submodule of B with snA' = 0. Then, we 
must show S = 0. Consider B 'I4B1S, v is a homomorphism, 
then ker v = S, and consider the composition A£ B ~ BIS. 
Then we are gotng to show that vof is a monomorphism. 
(1rof)(a) - -Let a ~ A and - Oi then· 1r(f(a)) = 0 -
' hence f(a) E ker 1T and £(a) (! f(A), so f(a) E: ker vnf(A). 
But- ker 1rnf(A) - 0 hence f(a) = 0 and • f • - since 1S a 
monomorphism, a= 0. Thus v 0 f is a monomorphism, hence 
v is a monomorphism and ker v = O. But ker v = S, 
' 
therefore S = 0. 
(ii)=> (i). Let A .;,.B be a monomorphism and let 
B ~C be any homomorphism such that gof is a monomorphism. 
Then we want to show that • a monomorphism. g 1S ' 
Let K = ker g, K C B, then Knf (A) = o. For suppose 
knf(A), f(A) X ~ then X E hence there exists a e: A 
such that f(a) = x. Now, 0 = g(x) = g(f(a)) = (gof)(a), 
but g 0 f is a monomorphism, so a= O, f(O) = x = O. 
Hence Kllf(A) = O. and K = O. 
2.4 Proposition: Let A, B, C be R-modules such that ( 
A C B C c. Then C • essential extension of A iff 1S an - -
C • essential extension of B and B • essential 
1S an 
l.S an 
~ 
extension of A. 
··.'.i,-: 
•' 
·, 
. 
. ·! 
. f 
I 
• :£". 
" . : ~ 
> . 
' . 
' .. & • 
---
. 
-..; 
,r 
22. 
Proof: ·suppose C is an'essential extension of A and 
let c ~ C, cf O, then there exists r ~ R with ref 0 
and re e A. But AC BC C, so rec B. This shows that - -
C is an essential extension of B. 
Now, let b EB, bf O, then b ~ C 
-
since BC C. 
• 
ii,... But C is an essential extension of A so there exists 
., 
. 
an r ~ R with rb f O and rb ~ A. Hence B • is an 
essential extension of A. 
Conversely, assume C and B are essential extensions 
of B and A respectively. 
an essential extension of A. 
We want to show that C 
Since C • essential extension ~f B, have 1S an we 
to each C ~ c, ·C f o, there exists an r e: R with re ~ \ 
and ·Bo But B • essential extension of A, 
·re e: l..S an 
• 1S 
f 
hence to each re e B, ref O, there exists r' ~ R with 
-
0 
r'(rc) f O·-·and r'(rc) 
€
 A, hence (r'r)c e: A. This proves 
that C is an essential extension of A. 
-· 
·.We .. observe that each module A has at least one 
essential extension, namely itself and that the additive 
group Q of rational numbers is an essential extension of 
the group Z of.integers. For let Z tq be defined by 
f(n). n -- -1 
Now, let 
for every· n E Clearly 
x E Q, then x = .E. where q 
.•. 
I 
" 
I • 
f is a monomorphism. 
p, q e 
~ 
and 
l 
. 
.. 
~ .. 
• 
.. 
• 
- i 
' ' 
. 
. ~ 
: ... 
,. 
•. 
' 
pf Of q to show Q is ess.e_ntial, we need to find an 
element n of Z such that n(E) f O and q 
Let n = q q ~ Z 
then q(E) = p e Z. q \ 
23. 
We are now ready for the pr~of of the existence of 
injective envelopes in ModR, however we need two lemmas 
for this, the second of which is a well-known characteri-
zation of an injective module. 
·· 2.5 Lemma: An essential extension of A can be embedded 
in any injective extension of A. 
' 
' 
In other words, let B be an essential extension of 
A and let j : A -J be a monomorphism with J injective, 
then there exists a monomorphism B ~J making the diagram 
commutative: 
' 
b 
a, 
A -----...) B , .. 
• 
/ 
J / 
/ f3 . ·• 
JIC' 
Proof: Since J in injective, there exists a homomorphism 
~ 
B - J · such that l3a a == j. Hence, we need only to show 
that is a monomorphism. 
··;- . .., 1 • 
. .. 
~ 
·; 
•. 
. " 
.. 
.. 
i 
~ 
\ 
i i 
I 
- -··-~···-·· ---- -· - . -· ··-·---~~~-------· -- --
11 
... 
,;· . 24. 
Let K be the kernel of t3, K • submodule of B, l..S a 
then K n A' o, A' • For let K n A', then 
-
= 1m a. - X E -
X ~- K so 0 - f3 (x) = f3(a(a)) - (t:,o a) (a) - j (a). But j - - -
is a monomorphism therefore a= 0 and hence that 
• 
X = a, (a) = 0. So Kn A' = 0 and since B 1.s an essen-
tial extension of A, we have K = 0. Thus 
monomorphism. 
• l..S a 
, . 
2.6 Lemma: A modu e J is injective iff J has no 
proper essential extension. 
Prob£: Suppose J is injective and let B be an 
I 
. 
I 
J 
I essential extension of J. We are going to show that B 
• isomorphic to J. l.S 
Now, J • injective hence the 
~J g,. B 1.S sequence .a 
splits at ·B where C ~ B/im a and so B - Cl (J) © K, -
K • submodule of • l.S a 
-+C -+O 
B. a(J)nK = 0 and B l.S an essen-
' tial extension of J, hence K = 0. Thus B = a(J) 'l! J. -
Conversely, suppose J has no proper essential 
extension and let B be an extension of J. Consider 
the set 
.P. of all submodules s of B with an . 
extension of s and s n a(J) o. • not empty - .,j l.S ·-t, . . . 
.. 
• 
• o. ~ 
.;·Let T - st be linearly ordered · 
since 
-!\~.J.._,, ' 
- a ';" . t• I 
J: subset of T • linearly ordered by set inclusion. ., l..S 
\ \ 
'J,• 
, 
_v _____ -·--··-··--·---.• 
:j 
.. , 
' r 
. -~ ·. 
' 
.· ... 
.. 
"' . 
•'> 
-'-
' 
. . 
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The • SI 
• 
union -ust of the sets st 1S an submodule of 
B with s' n a(J) = 0 hence also • i 1n • Since any ' 
linearly ordered subset of has an upper bound • in 
.· J> , Zorn's Lemma asserts that has a maximal. 
element. Let M be the maximal element of 
a submodule of B with Mn a(J) = O. 
, M is 
Consider J ~B ~B/M, then 1roa is a monomorphism 
so B/M is an extension of J. To see this, let X E: J 
· .. 
stich that: (1roa)(x) = 0. Then 1r(a(x)) = 0, a(x) = 0 so 
a(x) e M. Also a(x) € a(J), but Mna(J) ~ O hence 
a(x) 
°' 
and 0 • • a monomorphism . 
- X - since a 1S -
To that B/M • essential extension of prove 1S an 
J, let K C B/M, K submodule of B/M and assume that 
• K n [ (1Toa) (~)] = 0 with Kf o. 
• Let L = 1r-1 (K), we need to show L n a(J) - 0 and •. 
that MC L CB. 
-
Let w e: L n a(J)' then W E L so 1r(w) E: K. Also 
w € a.(J) hence 7T(w) 1r(a(J)). But K n 1r(a(J)) - 0 ' .., 
so 1r(w) - o. Since 1r(w) 
€ '1T (a (J))' there exists X E J -
such that a(x) = w, so 1r(a(x)) = 1r(w) = 0 (-rr• a) (x) = 0 
' ... 
and • • monomorphism, have - o . Thus 
since 1(oa 1S a we X -
a(x) = w and so a(O) = 0 = w. Therefore L n a(J) = O, 
hence LC~ 
• 
' • 
" 
.. 
L 
,, 
. -.--- ·--·-· - - ·.;. .... ----
'. 
• 
f 
\ 
... ,• 
J 
.... ....___ ________ -
•· 
. , 
• 
26 • 
• N~ KC B/M and K f o· by assumption hence there 
- - - -
exists b EK, b = 0 and b = b + M, b EL and bi M . 
Hence we get Mi L 1 B, but this is a contradiction to 
the maximality of M, thus K = 0 and B/M is an essential 
extension of Jo 
It was assumed that J has no proper essential 
extension, hence J -+B/M is an isomorphism and we have 
a 1T, 
J -+B -+J with 1r 1oa == 1. So B = im a (f) ker 1r or 
B = a(J) M. 
then 
Hence if J is embedded in an arbitrary module B, 
J is isomorphic to a direct summand of B. In 
' particular • 'J be embedded in injective since can an 
• 
module, J • isomorphic to direct summand of that 
1S a 
, inj·ective module and J • injective . This completes l.S 
the proof of the lemma. 
2. 7 Theorem: (Existence) For every R-module A, there 
exists an essential extension B of A with B injective • 
. Proof: Since every R-module A can be embedded in an 
injective module, let Bo be such an injective illodu le, 0, 
~ A _,. B • Consider the set of all submodules s 0 
of B such that s • essential extension of A. 1S an 0 
Clearly, • not empty • A' 
.J i.e., A' l.S since ~ 
' 
... 
. ( 
, 
-II!, 
: . 
I 
.,.. .. 
, 
I 
!. 
/ 
• 
l ; 
' 
\ . 
' 
I 
• 
.. 
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• submodule of Bo and A' • essential extension 
l.S a 1S an 
of 
~' 
A' • • 
" 
- im a. -
Let T - st be linearly ordered subset of 
- a 
' 
Q 
T is.linearly ordered by set inclusion. Then the • union 
USt = S' is a submodule of B0 and an essential extension 
of A for let x e S', x f O, then there exists t E i 
. such that x E St. But St is an essential extension of 
A hence there exists re R with rx f O and rx e: A. 
By Zorn's Lemma again, J>. has a maximal element, say 
B, where B is a submodule of and B is an essential • ~ 
extension of A. 
Because of Lemma 2.6, to show B is injective, it is 
sufficient to show B has no proper essential extension. 
Suppose B' is a prop~r essential extension of B, 
~ then by Proposition 2.4, B' is an essential extension of 
A. · Hence by Lemma 2.5, B' can be embedded in the injec-...._ 
tive extension Bo of A. Thus, we get B ~ B' C B <(_ -But this • contradiction to the maximality of B . 1S a 
by 2.6. Hence B 
• injective Lemma l.S 
2.8 Theorem: (Uniqueness) I If A ~ B, A ~ B' are 
essential extensions of A with B~ B' injective modules, 
f 
then there exists an isomorphism B 1~ B I such that t:,•a = a'. 
I , 
. , 
; •' _.I\• 
,;, 
" 
t. 
·. 
I C 
i 
- \ 
28 .. 
Proof: Since A a,B is an injective essential extension, 
then by Lemma 2.5, there exists a monomorphism B ~ B 1 
·such that· the diagram commutes: • 
a 
A ) B· 
a / 
;' ~ ,, 
B ~-
Hence, we need only to show is an epimorphism. 
Now, • B • injective the short exact since 1S sequence 
0 -+B ~B' 
-+ C -i,. 0 splits where C ~ B'/im r3 • Thus, we 
get B' = f3(B) K, K submodule of B' and f3 (B) nK == O. 
But B' • essential extension of A, hence for 1S an any 
submodule K of B' and Kna I (A) = Knf3 (a (A)) = 0 we 
' have K == O. 
Thus B' = f3(B) and so is an isomorphism. 
The essential extension A ~B with B injective, 
unique up to equivalence is called the injective envelope 
of A. Its existence w~s established by R. Baer [1940); 
our proof follows Eckmann-Schop£ (1953]. 
j . 
. . 
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. • 
.J 
.. 
,. 
, 
I 
• 
\ 
I 
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III. MAIN THEOREM 
We ·now study the conditions which are sufficient 
to ensure the existence of injective envelopes in a 
non-abelian category. , 
29. 
In its proOf, we shall apply Zorn's Lemma to some 
partially ordered sets. If Zorn's Lemma could be applied 
to partially ordered classes, then the application would 
• . 
be to the class of equivalence classes of subobjects of 
a given object in a category. In order to legitimize the 
application of Zorn's Lemma, one postulates that this 
I 
• class can be replaced by a set. This is the purpose of 
the following definition. 
.. 
3.1 Definition: A category ~- is called a small cate-
gory if the collection of objects of ~ is a set. 
1; 
> 
• 
I 
3.2 Definition: A category~ is called locally small 
if for every object A in q, there exists a set· S 
·' 
of subobjects of A such that every subobject of A is 
equivalent to some object in S. 
It is obvious that in the category ModR of modules 
the set of all submodules of a module M together with 
' their inclusion maps guarantee ModR to be locally small. 
3.3· Definition: A category 
small if for every object A 
cc. 
. . . ~ 
• in 
is called colocally 
re,,, there exist a 
.. 
• 
' 
' 
" 
I 
., 
I • 
.. 
,_ . 
. i·: 
. ~- . 
--·-·---------·-·--· 
l 
., 
h 
. _,. .. 
30 . . 
set-~ of quotient objecis of A such that every quotient 
,object of A is equivalent to some member of W. 
Again in ModR, the set of natural epimorphisms 
M -,.M/N -where N is a submodule of a module M is the 
set of quotient objects of M and ModR is colocally 
'. smalle 
3.4 Proposition: A small category is locally small \ 
Proof: Let~ be a small category, if A is an object 
· in 'e, 
' 
then ~ is locally small because the collection 
of all sugnbjects of a single object is a subset of all 
objectso 
However, a locally small category is not necessarily 
a ~mall category. Consider the category Grp of groups, 
then clearly Grp is locally small since the set S of 
all subgroups of a group G together with their inclusion 
maps -form a sete However Grp is not small because the 
category S is not small and to each set X one can 
associate the free abelian group generated by X. 
3.5 Definition: An object B is called a retract of an 
object"· A if there exist morphism$ A g,. B and B ~ A 
sucp. that B ~ A ~ B = lB. 
I 
·~·. 
• 
-
•· 
.. 
\ 
I 
' 
~. 
·, 
·, 
-.. :. 
'·-· 
'· 
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Before we prove the main result of this paper, we 
need two lemmas, the first of which is a well-known easy 
consequence of the definition of an injective object. 
3.6 Lemma: In a category with enough injectives, an 
I 
' object B is injective if and only if it is a retract of 
f "'-every ex tens ion B ~ A. 
Proof: The necessity of the condition follows directly 
from the definition of an injective object. For the 
sufficiency, let B !,.A be an injecti~e extension and 
A ~B let be such that go£ = lB. Let k • C -... B be • 
any morphism and C ao be a monic. Since A is 
injective, there exists D aA such that f•k = n•h, 
hence gofok = gon•h and k = (gon)oh. 
The next lemma is a converse of Proposition 1.37. 
3. 7 Lemma._: Let 
properties: 
be a category satisfying the following 
(i) For each morphism ,, A -+-B, there exist an epic 
· A -+ C and a monic C - B such that A - B 
= A -,. C ~ B. 
. (ii) Each chain of quotient objects B -ci of an 
object B has a lower bound B -c with the 
• 
• 
.~. 
/ 
32. 
property that for any morphism A -+B, if 
A ~ B ~ C. is monic for each i, then A -+ B -.. C 1 
• • 1.s mon1.c. 
~(iii) ~ has enough injectives, i.e. every object has 
an injective extension. 
(iv) 'f, is colocally small. 
The if an object A in re:, has no proper essential 
. 
extension, A is injective. 
Proof: Let be an extension of which A is not a 
retract. We shall obtain a proper essential extension of 
A. This, together with Lemma 3.6 will prove the present 
lemmae Let S be the collection of all quotient objects 
B -i;. C. of B such that A -.a,. B -,,. C. is manic for each 1 1 
i. By (iv) S is a set and clearly S is not empty 
.( 
since lB ES. Also, S is partially ordered by the 
relation ''~" for quotient objects. 
Let U be a chain in S. Then by (ii), U has a 
lower bound B ~C. Now g is in S for clearly g is 
a quotient object of B by definition of lower bound . 
Furthermore, A _,. B _,. C • . - because • morphism 1S monic given any 
' f and choosing A ~B -. C. • • for each j, A _,. B, is mon1c J 
hence A -i;. B -.a,. C • • by (ii). 1-S manic ,,: 
. ---
~ 
.. 
. 
. . ( .•. 
--~~---··--- - .. - -· ----·---------------·-. 
. / 
'· 
:.;;.. -· 
• 
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Thus by Zorn's Lemma, s has a minimal element, say £' 
with £' object of B and A f,. B t'c•~ B -,. CI a quotient 
f 1o f is • Let = ...Q • A -,p CI • then cl·early is a 
mon1.c. 
• a 
proper extensi~ of A since A is not a retract of B. 
Thus we have only to show that 
extension of AQ 
A ~C' is an essential 
I 
: 
r 
I 
, 
' 
,, 
; 
, 
., 
Suppose not. Let C' 12...o be any morphism such that 
A-+ C' ~ D is monic but that is not manic. By (i) 
C' 12... D can be decomposed into an epic C I U. C" and a 
'monic C" 4 D such that C 1 !?.,. D = C 1 !l. C" 4 D. Clearly 
n cannot be monic for if n was monic, then is manic 
' 
which is a contradication . ' 
Thus, we have the following: 
A 9.. CI ~ D = A g. CI !l. C" X. D ) 
A n•a = -,. C'' X. D and: )'•(n•a) 
monic thus ' manic and n•a l.8 
A ;,.' B t'c 1 !l. C'' is • monic. 
B {!' Now, sin·ce =,. C 1 .n C'' = B ~· 
-a,. C'' is epic, f' and 
are epics and. A t B ~· C'' 
g I E S . 
is manic, it follows that 
Hence, we get g I cf I (B .. C'') ~ (B :. C') and strict 
ii 
n 
inequality occurs since c• !l.c 11 cannot be a monic. But 
' 
--
-- - ·'hi .=.-...~""'""'~""--·---~----------- ~ 
l 
I 
I 
.\ 
. .II.,.·:: ·-
' 
.. 
\ 
~;, 
., 
·~ 
,._ 
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., 
l 
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• If' 
! 
f' ~ S was so chosen such that f' was the minimal 
' element in S, hence the inequality gives a contradic-
tion to the minimality of f 1 • Therefore A ~C' is a 
·proper essential extension of A. 
We now state our main resulto ' , )_ 
3 1 8. Theorem: The following conditions on a category are 
sufficient in order that, for any object ~here exists an 
I 
injective essential extensi.ono 
' 
... 
·, 
> 
c1. For each morphism. A -B, there exlsts an epic 
A - C and a monic C - B such that A - B 
c2 ., Each chain of subobjects Ai -+ B 10£ an object B 
has an upper bound A ....,. B with the property that 
if A,-. C is any morphism with Ai _,.A ..,.. C 
for each i, then A _.,. C is manic. 
c3• Each chain of quotient objects B ~Ci of an 
object B has a lower bound B -c with the 
property that if A _.,.B is any morphism with 
manic 
\ 
A - B - Ci monic for each i, then A - B - C 
is manic. 
C4. 
~There are enough injectives in the category. 
' cs·., 
- The category is locally small. 
c6 o The category is colocally small. 
• 
, 
\ 
J 
·- ----.... -----· ·--- -·--~- --
' 
! 
,, 
~ 
• 
1 
I 
• 
\ 
t 
.., 
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r 
' l 
Proof: To each object A in the category, we shall c~-
struct a maximal essential extension. ; 
This will not have a proper essential extension hence 
by Lemma 3. 7, it will be'injective. 
Let A be an object in the, category. ( Then since 
the category has enough injectives, there exists an 
extension A lB with B injective. Consider 
s = f. : A. ~ B I f. 
1. 1 1 subobjects of B by an 
essential extension for each i 
• By c 5 S is a set. It 
· is not empty since fES and S is partially ordered by 
the relation "~" for subobjects. Let U be a chain 
• 
-S; u f • A ~B have the fallowing: in - so we a • a 
I 
/ 
' t 
• f ' l 
A B , ') i ·, I f 
• 
. 
ua I l i. t 
' A 
r a 
I 
' t, 
• 
' there exists u • A ~A such that f OU , = f where 
"a 
• a a a a " 
• 
essential extension for each By u has 
1S an 
a. an Cz 
upper bound A' h.B with the property as given in c
2 
,and with h a subobject of B, and 
Thus we have the following diagram: 
... 
fa 
A----.) B ,a 
pa I 
~ 
A' 
f / h for each a. a~ 
' , 
·, 
-
• 
, __ 
such that there exists 
is mo~ic for each 
p 
A ~ A' a 
a. . 
I 
' 
! 
I 
I 
Now,_, h • • 1S 1Il 
and there exists 
S since f ~ f 0 -~ h, hence f ~ h 
A lA 1 such that hog= f with g 
• • mon1.c, 1. o e. , 
' 
1 -::: .... • 
1 
., 
I 
Thus Al A' 
A 
I g, 
Jr 
A' 
f 
_
_
 __..,.)B 
is an extension of 
any morphism such that h 1og 
following diagram: 
• • 1s manic. 
A 
g 
A' h' C ) '> I ~ 
; 
ua I i 
I 
pa ' I 
A ·, I 
a. 
A, Let A' h'c _,.. 
Consider the 
' ; 
.. 
. 
... 
36. 
be 
Now,· fa0 ua = f = h•g , ho Pao u 0 = h-g and h is manic 
hence P oU =-g and the triangle is commutative. a a 
P oU = g with h~ a a on the left, we get 
h 1o p oU = h 1o g and since h 1o g is monic, h'• p ou a a a a • • 1s mon1cCI Now 
hence· h 1o p 
a. 
u 
a are essential extensions for each 
is manic for each a and by h' 
a 
• l.S 
• mon1c:CI Therefore A 9,. A I is an essential extension of 
A and h is in S. Hence by Zorn's Lemma S has a ; 
I 
I 
I 
i 
' I 
I 
I 
l: 
I 
' l 
I 
\ 
I 
I 
( 
.. 
• 
- -- -+---·- --- . 
' 
I 
' I. 
I 1. 
l 
·~·. 
3 7. 
maximal element B' ~ B with A 5,. B = A l+. B1 ~ B, 
is-an essential extension of A. ' 
' 
To show B' is injective, it is sufficient to show 
" 
that ,B' has no proper essential extension. 
SI B' ~ C uppose 
-- is a proper essential extension 
f B I th b P · t · 1 35 B 1 ~ C can be embedded o ', en y ropos1 ion . 
in any of its injective extensions, in particular we have . j i 
' 
a 
i 
·T 
\ 
' ;· 
there :exists C ~ B with n ... manic and such that n•a = '3. 
' a Now, B ~c is an essential extension and since 
A lB 1 is an essential extension, A 'lB 1 '::.c = A a'2..,.~ C 
is an essential extension with noao--y = t3 0 'Y = f. Thus 
n ES and such that (B' ~B) ~ (C ~B). Strict inequality 
. b 
. B' ~C occurs since y assumption 
-- is a proper esse~tial 
extension of B'. But this is a contradiction to the 
maximality of ~o Therefore B' has no proper essential 
extension and by Lemma 3. 7, B' • • • • 1.s 1.nJective. 
·30 9 c·orollary: In a category satisfying the conditions 
of Theorem 3.8, the following definitions are equivalent • 
• 
·.·, ... -,.,;,'"cc,\',=,,.; .• ,=·,,·,,-----........ ------
.. ---·-·-------~--.. _, _____ -· -- . 
.. 
\ 
.. 
r..: · ... 
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(i) An injective envelope of an object A is an 
injective essential extension. 
(ii) Let A lB be an injective extension, then 
f is called an injective envelope of A if 
38 . 
for any injective extension Alt, there exists 
a manic B ~ BI such that A l B ' = A !. B b.. B ' . 
Proof: • => • • Let A ~ B' be injective extension 1 11. any , 
of A: Since ·A 5,_ B • • • • essential • 1S an 1.nJect1ve extension, 
there exists • B !!,. BI such that hof a mon1.c = g. 
ii=> i: Let A !.B be an injective envelope of A. 
The category satisfies the conditions of Theorem 3.8, hence 
there exists an injective essential extension, A~ B' of 
A. Now by Proposition l.39l(i) g is an injective 
envelope of A. Since the injective envelope of an 
object A is unique up to equivalence, this is by 
Proposition 
B ~ B' and 
l.39l(iii), it follows that there exists 
B' ~ B such that B ~ B ' ~ B = 1 and B 
B I ~ B ~ B I = lB I • 
Let B ~C be any morphism such that Al B t C is 
monic. Then h 0 f = h 0 a•g and since g is an essential 
• hoa • • f3 • • h• a 0 t3 • • extension, 1S mon1c. 1S monic so 1.S manic. 
aut ao f3 lB' h • • and A E;_B • essential 
- so 1S mon1c 1S an -
extension of A with B injective. 
,· 
.. 
! 
\ 
I 
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:IV INJECTIVE ENVELOPES OF S-SETS .. .. . 
·We now mention some categories where injective 
envelopes are known to exist and where the conditions of 
' 
the main theorem are satisfiedo The result of the exis-
tence:of injective envelopes is known to hold in every 
Grothendieck category with a generator and an exposition 
of this can be found in [9], p. 86-90 or in [7] p. 126-131. 
In the category ModR of modules over a ring R, all 
the hypotheses of Theorem 3.8 are satisfied. 
if M !..M 1 is an R-homomorphism, then M _., f(M) • 1.s an 
epimorphism; f(M) -,.M' is a monomorphism and M -?M' 
= M ~ f (M) _,. M'. - For c2 let A= UA., A. submodules of 1 1 
a module B. The lower bound for c3 is defined in a 
similar manner. C and 5 are satisfied because of 
the remark following Definitions 3.2 and 3.3. For c4 , 
~'j\ there are several known proofs and for one such proof, 
see Theorem 7.4, [8] p. 93. 
,Another example where Theorem 3.8 applies is the 
nonabelian category E;s of sets acted on by a fixed 
semigroup S. This yields a proof of the existence of 
injective envelopes more direct than that first given 
by Po Berthiaume [2]. We will assume that S has an 
. identity element denoted by 1. 
• 
.. 
I 
~-
.•. 
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An object of ~ s is a set A together with a 
AX s ~A whose • • denoted by for 
map image 1S as, 
every a e: A and s e: s, a·l = a and such that for 
every a E A, and s, t e: s, we have a(st) - (as) t. -
A ·morphism of C, s • function A tB between s-sets 1S a A, B such that f(as) - f(a)s for all a e: A and -
4.1 Definition: An S-equivalence relation is an equi-
valence relation R on an S-set A such that (a1 ,a2) ER 
=> (a1s, a 2s) ER for every s ES. 
If R • 1.s an S-equivalence relation on S, let A/R denote the collection of all equivalence classes [a], 
4.2 Proposition: If R • 1s an S-equivalence relation on 
S-set A, then A/R an • is an S-set and A/R will be 
called the quotient S-set of A by R. 
:--:-
Proof: Define the function ~:A/Rx S -"'A/R by 
q{[a],s) = [a]s = [as] for every a~ A and s e S. 
~ is clearly well-defined for let ([a0 1,s), ([a1 ],s) A/tt x S such that ([a0 l,s) = ([a1 ],s). Then cp([a 0 ],s) 
= [a0 ]s = [a0 s] = [a1s] = [a1 ]s = ~([a1 ],s) because (a0 ,a1) € R implies (a0 s,a0 s) ER. Also [a]·l = [a•l] = [a]• 
~-
~• J 
) 
I 
•· 
, 
1 
, . 
. _/_ 
' 
. ! 
.. 
- ---~·---- ------·-
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and for any a€ A, s, t € S, we have [a](st) = ([a]s)t 
= [as]t = [(as)t] = [a(st]. This proves that A/R is 
an· S-set. 
4.3 Corollary: If R is an S-equivalence relation on 
an S-set A, then the morphism A ~A/R defined by 
q,(a) = [a] is a surjective morphism in &s. 
4.4 Definition: An S-subset of an S-set A is a z a c 
nonempty subset A' of A such that A'S~ A' where 
A'S= XS: X € A', s Cs 
• 
4,5 Proposition: If A ~B is a morphism in 6:.s, then 
~(A) is an S-subset of B. 
Proof: Let X E cp(A) and s e s be arbitrarily given. 
Then since X ~ q, (A)' there exists an a E A such that 
cp (a) = x. But A is an S-set and is a morphism, 
so XS = q,(a)s - cp (as) 
€ cp (A) and XS E <p (A). 
4o 6 .. Definition: Let A be an S-eet, then x ~ A is 
said to be an invariant element in A if xs = x for 
, all s e s. 
Remark: An S-set may have none, only one or any number 
of such invariant elements. This is shown by the following 
examples: 
,;i_. 
,, 
\ 
. , 
;.;, ·, ~-
-
-~ 
·~ 
! ·.-
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1. Let N be the set of natural numbers. Then N 
has no invariant elements under multiplication 
of natural numbers. 
2~ Let a denote an S-set consisting of a single 
element, o = a on which S acts trivially, 
i.e. as= a for all s 
€
 s. Then a has only 
one such invariant element . 
-·4. 7 Proposition: Let A be the set of all elements 
an S-set A invariant with respect to s, i.e. 
-
-
A= XS - X X ~ A, s e s If A is nonempty, • 
-then A is an s-subset of A. 
-·Proof: Let x, A, then for every s e S, we have 
-
-XS= X@: Ao Thus XS e; A and XS is an invariant 
element since let t e S, then (xsi)t = xt = x = xs. 
-This proves that A is an S-subset. 
We recognize that the monies and epics in the 
category & s are the injective and surjective maps 
respective lye '~ .• 
of 
We first prove that a monic is injective. Let A lB 
be a monic and suppose f(a) = f(a') a, a' ! A. Consider 
the semigroup, S, then S is an object in C:> s since 
S acts on itself considered as a set. Now, for each 
l 
.1 
• 
' 
• 
\. 
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a€ A, there is a morphism S ~ A defined by fa(s) = as 
for all s € S. Consider also S ~ 1A defined similarly. 
Since f(a) = f(a') we have f(a)s = f(a')s, f(as) = f(a's) 
and so fofa = fofa'. But f is monic, thus fa= fa'. 
In particular, fa(l) = fa'(l), so a= a' and f is 
injective. 
Clearly, if A t B is injective, then 
be two morphisms in ~ s for let C ~ A g2 
f is monic 
such that 
fog 1 = fog2. Then for all x ! C we have 
= (fogz)(x) =) f(gl(x)) = f(gz(x)) but by assumption f 
is injective, hence g 1 (x) = g2 (x). 
Similarly, an epic in & s is the same thing as a 
surjection and we will proceed in showing this by showing 
that a morphism which is not surjective is not an epic. 
Let A £. B be a nonsurjective morphism in E; s. 
Then f(A) is an S-subset of B and it determines 
an equivalence relation on B which identifies the 
elements of f(A) and keeps the other elements of B 
distinct. Define this S-equivalence relation R to be 
By Proposition 4.11 B/R is an S-set, hence there 
f 
exists a morphism B iB/R defined by £1 (b) = [b] 
.·I\ . 
. f 
I 
) 
' . 
.-:"'.", 
.. ~. 
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- · for all be B. By Corollary 4.12. f 1 is a natural 
surj ective map. 
Now, f(A) is an element in B/R i.e. f (A) = [b J 
0 
for some [b] e B/R. Furthermore, f(A) is an invariant o. 
element in B/R since from above f(A) = [b
0
], then 
b e 
0 f(A) implies there exists a ~ A such that f(a) 
Then b 0 s - f(a)s = f(as) (! f(A), hence bo' b s € f(A) - 0 
implies b "- b s => [b ] - [b s] - [b ] s for all s ~ -0 0 0 0 0 
f 
Define B :) B/R by f 2 (b) = f(A) - [bo] for all 
; Thus we have two distinct morphisms f 1 and £2 
where f 1 is the canonical surjective map and f 2 maps 
the whole of B on the element f(A) of B/R. Now f 1 
and £2 are distinct since f(A) CB so there exists 
= bo. 
s. 
b EB such that bi f(A). Then f 1 (b) = [b], f 2 (b) = [b 0 ] 
and [b] f [b 0 ]. However flf = £2°f since 
= f 1 (f(a)) = [f(a)] and (f2of)(a) = £2 (f(a)) 
since f(a), b0 € £(A), hence [b 0 ] = [f(a)]. 
(flo f) (a) 
= [b ] and 
0 
B 
gl 
-.a,. 
g2 
Since 
So f is not an epic. 
Now, suppose A tB is a surjective map and let 
C be two morphisms in C!, s such that g1 • f = g2• f. 
f is surjective, for every b EB there exists 
a e A such that f(a) = b. Hence, we have the following: 
, 
' ' 
.. 
~w-,-------.,. __ . ..,_ ___ , ___ -----
Conditions c1, c5 , c6 should now be clear. For 
c2 , let A be the union of the S-subsets 
S-set B. For c3 , consider the following: 
A. 
1 of an 
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4.8 Propos~tion: Let A lB be an e~imor~hism from an 
S-set A to an S-set B and let A ~ A/Rg be the 
natural surjective map; Rg is an S-equivalence relation 
on A defined by a~ a'<=> g(a) = g(a') for all a, 
a'€ A. Then there exist morphisms B lA/Rg and 
A/Rg !l B such that f•h = 1 A/Rg and hof = lB . 
.. 
-In other words, A ~ B is equivalent to A ~ A/Rg. 
Proof: Let b € B, g is an epimorphism so there exists 
a£ A such that g(a) = b. Define B lA/Rg by 
f(b) ~ v(a) = [a]o 
then there exist 
Let b, b t: B such that b == b' , 
a, a• EA such that g(a) = b and 
g(a') = b' and g(a) = g(a'). Now f(a) = v(a) = [a] 
=[a']= ~(a')= £(a'). Thus, f is a function. Clearly 
f is a morphism since by definition f(bs) = [as] where 
g(a) == b and f (b) s = [a] s 
= [as] = f(bs). 
Now, define A/Rg h,. B by h([a]) = g(a) for all 
a e: A. Let [a]' [a I ] E A/Rg ' such that [a J - [ a ' ] . 
Then a"\# a', so g(a) = g(a'), hence h([a]) =h([a'J) 
and h is a function. Also h is a morphism since 
h([as]) = g(as) = g(a)s = h((a]}s, 
• 
•· 
,, 
We need only to show h 0 f = lB and f•h = 1 A/Rg. 
{h 0 f){b) ~ h(f{b)) = h(rr(a)) = (horr)(a) = g(a) = b, and 
46. 
(f•h)([a]) = f{h([a])) = f(g(a)) = (f 0 g)(a) = rr(a) = [a]. 
Remark: Given an S-equivalence relation R on an 
S-set then A, for A !,,. A/R, we have (a, a') ~ R <=> v(a) 
=' 7f (a I)• 
Let A be an S-set and let B be an S-subset of 
. 
A.· Now, B determines an S-equivalence relation R1 on 
A defined by (b,b'} ~ R1 <=> b = b' or b, b' € B, 
and A ~A/R1 is an epimorphism. 
For c3 , let R. be the equivalence relation cor-1 
responding to B ~ C .• 
1 Let R be the union of the 
and let B -+ C be A -+ A/R. The fact that A -+ A/R 
has the required property means the following: let 
f Tf. 
• 
Ri 
C' ~A be any morphism such that CI ~ A ~]_A/R. 
1. 
l.S a 
monomorphism for each • 1.. Let c, c' e C' and (vof)(c) 
= (rr f)(c'). Then rr(f(c)) = rr(f(c')) => (f(c),f(c')) € R 
so there exists i 0 such that (f(c),f(c')) € Ri
0
. Thus 
rr. (f(c)) = rr. (f(c')) so (rri o f}(c) = (rri o f)(c') 
.1.0 1 o O 0 
but ( rr. c. f) is a monomorphism so c = c '. 10 
To prove property c4, we observe the following. 
.:,.· 
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4.9 Proposition: Let A be an S-set and let A5 
denote the set of all functions f from S into A. 
Then AS is an s-set. 
'lo., 
Proof. Define AS x St AS by t(f,s) = fs for f € AS 
and st S. where\ S ~ A is defined by (fs)(t) = f(st) 
for all t <f: S. Then f•l = f and the other properties 
are sa.tisfiedo 
4.10 Corollary: A8 is an extension of A. 
A tAS Proof: Define by, for a € A and s 
€ A, 
-t-{a) (s) = a-s -· fa (s), hence t(a) - fa. -
• 
morphism, 8t(asJA, let t s, then 1S a € 
-t(as·)(t) (as)t. Now (t(a)s)(t) == t(a) (st) = a(st) -
(as)t. t(as) == t(a)s. a' - Thus Let a, 
€ A such 
-
that,.,t(a) =t(a'), then ,ft{a) =t(a'): S -A. Let r 
1 € S, then t(a)(l) = t(a')(l), hence a= a' and 
t is a monomorphism. 
4.11 Proposition: AS is an injective S-set. 
Proof: Let B ~C be any monomorphism and let B iAS 
be a morphism. Now, we want to show that there exists a 
morphism Ct AS such that 
• 
Let be defined by: 
t(c)(t) = ~(b) (1) if ct = cp (b) , b € B 
if ct I ~(B) for some fixed 
.. 
48. 
~ 
"·clearly, t is a morphism since t(cs)(t) = i(b)(l) 
if est E ~(B), and (t(c)s)(t) = t(c)(st) = i(b){l) 
if c-s·t E cp(B). Thus t(cs)(t) = (it'(c)s)(t). 
4.12 Corollary: Every S-set can be embedded into an 
injective S-set. 
}. •. 
•• 
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